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N'(x) which denotes the standard normal probability density function,
.
The Black-Scholes equation
As above, the Black–Scholes equation is a partial differential equation,
which describes the price of the option over time. The key idea behind
the equation is that one can perfectly hedge the option by buying and
selling the underlying asset in just the right way and consequently
“eliminate risk". This hedge, in turn, implies that there is only one right
price for the option, as returned by the Black–Scholes formula given in
the next section. The Equation:
Derivation
The following derivation is given in Hull's Options, Futures, and Other
Derivatives.[7] That, in turn, is based on the classic argument in the original Black–Scholes paper.
Per the model assumptions above, the price of the underlying asset (typically a stock) follows a geometric
Brownian motion. That is,
where W is Brownian motion. Note that W, and consequently its infinitesimal increment dW, represents the only
source of uncertainty in the price history of the stock. Intuitively, W(t) is a process that jiggles up and down in
such a random way that its expected change over any time interval is 0 (also, more technically, its variance over
time T should be equal to T); a good discrete analogue for W is a simple random walk. Thus the above equation
states that the infinitesimal rate of return on the stock has an expected value of μ dt and a variance of σ2dt.
The payoff of an option V(S,T) at maturity is known. To find its value at an earlier time we need to know how
V evolves as a function of S and t. By Itō's lemma for two variables we have
Now consider a certain portfolio, called the delta-hedge portfolio, consisting of being short one option and long 
 shares at time t. The value of these holdings is
Figure 1: http://en.wikipedia.org/wiki/Black–Scholes
3/8 Pi?
22333ML232
1
Preliminaries
Recommended literature : (Bauer 1996), (Bauer 2001)
We assume that the reader is familiar with the following basic con-
cepts:
(Ω,F , P ) is a probability space, i.e.
F is a σ-algebra of subsets of the nonempty set Ω
P is a σ-additive measure on (Ω,F) with P [Ω] = 1
X is a random variable on (Ω,F , P ) with values in IR := [−∞,∞], i.e.
X is a map X : Ω −→ IR with [X ≤ a] ∈ F for all a ∈ IR
1.1 Brief Sketch of Lebesgue’s Integral
The Lebesgue integral of a random variable X can be defined in three
steps.
(a) For a discrete random variable of the form X =
n∑
i=1
αi 1Ai , αi ∈ IR,
Ai ∈ F the integral (resp. the expectation) of X is defined as
E[X] :=
∫
Ω
X(ω) dP (ω) :=
∑
i
αi P [Ai].
Figure 2: Dieter Sondermann: Introduction to Stochastic Calculus for Finance
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ations. ∅ denotes the empty set, i.e. the set with no elements. Set are
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∈, so x ∈ A means that x belongs to A. Set inclusion A ⊂ B means
that every member of A is a member of B. This includes the case
A = B. The inclusion is strict if ∃ b ∈ B, b /∈ A. In such a case we
write A ( B. The set of subset of A is denoted by P(A).
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We define the intersection
A ∩B = {x : x ∈ A and x ∈ B}
and union
A ∪B = {x : x ∈ A or x ∈ B}
The complement Ac of A consists of the element of Ω which are not
members of A we write Ac = Ω \ A. The difference is
B \ A = {x ∈ B : x /∈ A} = B ∩ Ac
The symmetric difference is
A∆B = (A \B) ∪ (B \ A)
Note that A∆B = ∅ ⇐⇒ A = B
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(
⋃
α∈Λ
Aα)
c =
⋂
α∈Λ
Acα, (
⋂
α∈Λ
Aα)
c =
⋃
α∈Λ
Acα
If A ∩ B = ∅ then A and B are disjoint. A family of sets (Aα)α∈Λ is
pairwise disjoint is Aα ∩ Aβ = ∅ whenever α 6= β (α, β ∈ Λ)
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The Cartesian product A × B of sets A and B is the set of ordered
pairs
A×B = {(a, b) : a ∈ A, b ∈ B}
N is the set of natural numbers. Z is the set of integers. Q is the set
of rational numbers. R is the set of real numbers.
Intervals in R are denoted via each endpoint, a square bracket indi-
cating its inclusion, an open bracket exclusion, e.g.:
(a, b] = {x ∈ R : a < x ≤ b}
∞ and −∞ are used to describe unbounded intervals (−∞, b].
R2 = R×R is the plane while Rn is the set of all n-tuples (x1, . . . , xn)
composed of real numbers. We call rectangle the product of two in-
tervals
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Exercise
Verify de Morgan’s law in the case Ω = {1, . . . , 10}, A1 = {1, 2, 3}, A2 =
{3, 4}, A3 = {3, 5}
